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“ SOR ” ([9])
(cf. SOR [6])
$n\cross n$ $A$ $P$
$\tilde{A}=PAP^{T},\tilde{x}=Px,\tilde{b}=Pb$
SOR




$x^{(m)}=P^{\tau_{\tilde{x}}(}m),$ $\Phi=P^{\tau_{\tilde{\Phi}P}}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\omega_{1}, \cdots,\omega_{n}),$ $D=P^{T}\tilde{D}P,$ $L=P^{T}\tilde{L}P,$ $U=P^{T}\tilde{U}P$
(1)
$x^{(m+1)}=(D-\Phi L)^{-1}\{(I-\Phi)D+\Phi U\}X^{(\rangle}m+(D-\Phi L)-1\Phi b$ , $m=0,1,2,$ $\cdots$ (2)
$P=I$ (1) SOR






2) $\tilde{\omega}_{i},$ $i=1,$ $\cdots,$ $n$
3) $\tilde{U}$
De.R.Vogelaere [5]
$\mathrm{D}.\mathrm{M}$ .Young [6] red-black $\mathrm{K}.\mathrm{R}$ . James
915 1995 64-74 64
[2] (2) Gauss-Seidel Jacobi
3)






$n\cross n$ ([3] )
$A=[-l_{i},p_{i}, -u_{i}]=$ ( $-l_{2}p_{1}0$ $-..u_{1}p_{2}.\cdot$ $-l_{n-1}-..u.2$ $p_{\dot{n}-1 ,-l_{n}}.$. $-\prime u_{n-}p_{n}01$ ), $p_{i^{+}}\neq l_{i1i}u\neq \mathrm{o}\mathrm{o},i’=i=1,$ $\cdot 1.’.\cdot,\cdot\cdot,$$n-1n$
$Ax=b$ SOR (1)
$x_{i}^{(m+1)}=\omega_{i}l_{i}x_{i1^{+}}^{(m}-+()-p_{i})1\omega_{i}x_{i}(m)(m)f+\omega_{i}u_{i}xi1i+1^{+\omega_{i}}’ m=0,1,2$, $\cdots$ , $x=x=00n+1(m+1)(m)$
$\hat{x}_{i},$ $i=1,$ $\cdots,$ $n$ $e_{i}^{(m)}\equiv x_{i}^{(m)}-\hat{X}i,$ $m=0,1,$ $\cdots$




$e_{1}^{(m+1)}$ $=$ $(1-\omega_{1}p_{1})e^{(}1+\omega 1u1e2m)(m)$
$e_{2}^{(m+1)}$ $=$ $\omega_{2}l_{2}(1-\omega 1p_{1})e_{1}(m)$
$+\mathrm{t}\omega_{2}l_{2}\omega_{1}u1+(1-\omega_{2}p2)\}e_{22}+\omega_{2}ue(m)(3m)$








$e_{n}^{(m+1)}$ $=\omega_{n}l_{n}\cdots\omega_{22}l(1-\omega_{1}p_{1})e^{\mathrm{t}))}+\omega_{n}\iota_{n3}\omega lm\ldots \mathrm{t}1\mathrm{s}\omega 2\iota 2\omega 1u1+(1-\omega 2p_{2})\}e_{2}+(m..$ ,
$+\{\omega_{n}l_{nn-1n}\omega u-1+(1-\omega npn)\}e^{()}nm$
$\lambda_{i}=\omega_{i}pi-1,$ $i=1,$ $\cdots,n$ , $\tilde{\lambda}_{i}=\omega_{i++i}1li1\omega u_{i},$ $i=1$ , $\cdot$ . . , $n-1$
$\tilde{e}_{1}^{(m)}=e_{1}1^{m}$), $e_{i}^{(m)}=\omega ili\ldots\omega_{2}l_{2}\tilde{e}_{i}(m),\dot{\iota}=2,3,$ $\cdots,$ $n$ $\tilde{e}_{i}^{(m)}$ $(m+1)$
$\tilde{e}_{1,(}^{(m+1}..=-)\lambda 1_{1,(m)}+\tilde{\lambda}\tilde{e}_{2}.=-\tilde{e}_{i}.=-\tilde{e}_{n}^{(1}\tilde{e}_{n}=((^{\frac{m:}{m}1}+1mm+++))1)1)=--\lambda\lambda_{11}\lambda\lambda_{11}\tilde{e}+11\tilde{e}1\tilde{e}^{(m)}1++\tilde{\frac{e}{e}}(m)((mm))+(\tilde{\lambda}_{1}-\lambda_{2})(\tilde{\lambda}12)\tilde{e}_{2}^{(m)}+2..\cdot.\cdot..+(((\tilde{\lambda}_{1^{-\lambda}}\tilde{\lambda}_{1}-\lambda_{2}1\tilde{e}^{(m}2-\lambda_{2})\tilde{e}))\tilde{e}_{2}^{(m}\tilde{e}^{(m)}2+(m))+\tilde{\lambda}_{2}+\cdot.\tilde{e}_{3}+(m)(\tilde{\lambda}n-2^{-\lambda_{i})^{(}+\overline{\lambda}_{i}\tilde{e}}-\lambda_{n-}1)\tilde{e}^{(m)}+\tilde{\lambda}\tilde{\lambda}_{i}-1\tilde{e}_{i}m)n-1i(+m_{1}n)-1\overline{e}^{(m}n)$
$|$ (4)
$+(\tilde{\lambda}_{n-\mathit{2}}-\lambda_{n}-l)\tilde{e}^{(}n-l^{+}m)$ (\mbox{\boldmath $\lambda$}-n-l-\mbox{\boldmath $\lambda$}n) )
(4) SOR
1
$\overline{\kappa}=|\lambda_{1}|+\max\{_{1\leq i\leq 1}\max(\sum_{2j=}|\tilde{\lambda}_{j}-1-\lambda_{j}|n-)i+|\tilde{\lambda}_{i}|,\sum_{j=2}^{n}|\tilde{\lambda}j-1-\lambda j|\mathrm{I}<1$
$1 \leq i\leq n\mathrm{m}\mathrm{a}\mathrm{x}|\tilde{e}_{i}^{(m)}|\leq\overline{\kappa}^{m}\cdot\max 1\leq i\leq n|\tilde{e}_{i}^{(0)}|$
$\tilde{e}_{i}^{(m)}arrow 0,$ $(marrow\infty)$ $e_{i}^{(m)}=x_{i}-(m)\hat{x}_{i}arrow \mathrm{O}(marrow\infty)$
$\lambda_{i},\tilde{\lambda}_{i}$ (2) SOR L $\rho(\mathcal{L}_{\Phi})=0$
$\mathrm{I})_{\text{ }}\mathrm{I}\mathrm{I})_{\text{ }}$ III)
I) $\lambda_{1}=0,$ $\lambda_{i}=\tilde{\lambda}_{i-1},$ $i=2,$ $\cdots,n$











$1\leq m\leq n$ $m$ $\tilde{e}_{i}^{(m)}=0$ , $i=n,$ $\cdots,$ $n-m+1$ $n$
$\tilde{e}_{i}^{(n)}=0,$ $i=n,$ $\cdots,$ $1$ $n$
$\tilde{e}_{i}^{(m)}=\tilde{\lambda}i\tilde{\lambda}i+.1\ldots\tilde{\lambda}i+m-1\tilde{e}i+m(0)$ , $1\leq i\leq n-m$
$\tilde{e}_{i}^{(m)}=0$ , $n-m+1\leq i\leq n$
$\max_{1\leq i\leq n}|\tilde{e}_{i}^{(m)}|\leq\kappa^{m}\max_{1\leq i\leq n}|\tilde{e}_{i}^{(0)}|\backslash$ $\kappa=_{1\leq}\max_{i\leq n_{-}1}|\tilde{\lambda}_{i}|\leq\overline{\kappa}$
$\kappa<1$ $\delta$ $1\leq i\leq n\mathrm{m}\mathrm{a}\mathrm{x}|e_{i}^{(m)}|<\delta$ $m$ $n$
II) $\lambda_{i}=\tilde{\lambda}_{i},$ $i=1,$ $\cdots,$ $n-1$ , $\lambda_{n}=0$
















$l\geq f\mathrm{h}\tilde{e}_{1}^{()}n-1=\tilde{e}_{2}^{(n-1}=\cdots=)(\tilde{e}_{n}-1)n$ , $i=1,$ $\cdots,$ $n_{\text{ }}n$ 12 $\tilde{e}_{1}^{(n)}=\tilde{e}_{2}^{(n)}=\cdots=\tilde{e}_{n}^{(n)}=0$
$n$








$\leq$ $|\lambda_{1}|\cdot \mathrm{t}|\lambda_{1}|\cdots|\lambda_{m}||\tilde{e}^{(}1^{-}|+\kappa|m+\lambda 0)|\cdots|\lambda m-1||\tilde{e}()-m^{0}\overline{e}^{(0})\tilde{e}_{m}^{(0)}1m-1|+$
$+\kappa^{m-1}|\lambda_{1}||\tilde{e}-(20)(0)\overline{e}1|+\kappa\tilde{e}^{(0}m1)\}+\kappa\tilde{e}m+1(0)$
$| \lambda_{i}|\leq\sum_{j=i}^{n-1}|\lambda_{j}-\lambda_{j+1}|+|\lambda_{n}|\leq\kappa$
$\tilde{e}^{(m)}\leq 2m\kappa\tilde{e}m.(0)$ , $m\geq 1$
$\kappa<1$ $\delta$ $1\leq i\leq n\mathrm{m}\mathrm{a}\mathrm{x}|e_{i}^{(m)}|<\delta$ $m$ $n$
I), II)
III)
$2\leq i\leq n-- 1$ $i$
$\lambda_{1}=0$ , $\lambda_{j}=\tilde{\lambda}_{j-1}$ , $2\leq j\leq i-1$
$\lambda_{i}=\tilde{\lambda}_{i-1}+$
$i$
$\lambda_{j}=\tilde{\lambda}_{j},$ $-i+1\leq j\leq n-1$ , $\lambda_{n}=0$
$\omega_{n}=\frac{1}{p_{n}}$ $\omega_{j}=\frac{1}{p_{j}-uj\omega_{j+1}l_{j+}1}$ , $j=n-1,$ $n-2$ ,











$\tilde{e}_{i+1^{+1}}^{(m})$ $=$ $.-\tilde{\lambda}_{i}\tilde{e}_{i}^{(m)}+(\tilde{\lambda}i-\lambda i+1)\tilde{e}+i+1(m)\lambda i+1\tilde{e}^{(m_{2}}i+)$
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:
$\tilde{e}_{n-1}^{(m+}1)$ $=$ $-\lambda_{i}\tilde{e}_{i}^{()}+m(\tilde{\lambda}_{i}-\lambda i+1)\tilde{e}^{(m_{1}}i+)+(\lambda i+1-\lambda i+2)\tilde{e}_{i+}^{(m_{2}}+).$ . $+(\lambda_{n-2}-\lambda_{n-1})\tilde{e}_{n}(m)-1^{+\lambda\tilde{e}_{n}}n-1(m)$
$\tilde{e}_{n}^{(m+1)}$ $=$ $-\lambda_{i}\tilde{e}_{i}^{()}+m(\tilde{\lambda}i-\lambda i+1)\tilde{e}i+(m_{1})+(\lambda_{i}+1-\lambda_{i+}2)\tilde{e}_{i+}+\cdots+(m_{2})(\lambda n-2^{-}\lambda n-1)\tilde{e}_{n}(m)-1^{+\lambda\tilde{e}_{n}}n-1(m)$
$=$ $\tilde{e}_{n-1}^{(m+}1)$
$m\geq 1$ $\tilde{e}_{i+}=\tilde{e}(m_{1i})\mathrm{t}m)+\lambda i+1(\tilde{e}_{i+2}^{(-}-m1)\tilde{e}_{i}^{()}-1)+1m$
II) $m\leq n-i-1$ $\tilde{e}^{(m)}=\tilde{e}^{(}nn-m$
)
$1\ldots m==\tilde{e}_{n-}^{(m\rangle}$
$m=n-i+1$ $\tilde{e}_{i}^{(n-i}+1$ ) $=\tilde{\lambda}_{i}\lambda_{i}+1(\tilde{e}^{(i-}i+n-2-\tilde{e}^{()}i1)n-i-1)+1=0$ I)
$n-i+2\leq m\leq n$ $\tilde{e}^{(m)}i-1=\tilde{e}i-=\cdots=\tilde{e}_{n}^{(m)}(m_{2-})m+1=0$
$\mathrm{I})_{\text{ }}$ II) $n$
$\kappa=\max(_{1\leq j\leq}^{\max_{\underline{i}}|}1\tilde{\lambda}_{j}|,\sum_{j=i+1}|\lambda_{j-1}-\lambda_{j}|$
$\kappa\leq\overline{\kappa}$
$1 \leq i\leq n\mathrm{m}\mathrm{a}\mathrm{x}|\tilde{e}_{i}^{\mathrm{t}^{m}\prime}|\leq 2m\kappa^{m}\max_{1\leq i\leq n}|\tilde{e}_{i}^{(\cup}|$
’ $\kappa<1$
$\delta$
$1\leq i\leq n\mathrm{m}\mathrm{a}\mathrm{x}|e_{i}^{(m)}|<\delta$ $m$ $n$
$\omega_{i}$ $n$
2 $p_{i}=1$ $4li+1ui<1$ $l_{i+1}u_{i},$ $i=1,$ $\cdots,$ $n-1$ – $|l_{i1}+ui|$
$i$ II) (6) $\omega_{i}$ , $i=1,$ , . . $,n$
$1=\omega_{n}<\omega n-1<\cdots<\omega_{1}<\hat{\omega}<2$ ( $l_{i+1}u_{i}>0$ )
$\frac{1}{1+_{1\leq\leq n-}\max_{i1}|\iota i+1ui|}\leq\omega_{n-1}<\omega_{n-3}<...$
$<\omega_{n-2}<\omega_{n}=1$ ( $l_{i+1}u_{i}<0$ )
$\kappa<|\hat{\omega}-1|<1$ (8)
$0< \hat{\omega}=\frac{2}{1+\sqrt{1-4\max_{i1\leq\leq n1}(-\iota i+1ui)}}<2$
$\delta$
$\max_{1\leq i\leq n}|e_{i}^{(m)}|<\delta$ $m$ $\omega_{i}l_{i}\leq 1$
$n$
I) III) (8) SOR
$\mathrm{I})_{\text{ }}\mathrm{I}\mathrm{I})_{\text{ }}$ III)
3.
$Ax=b$ $A$
$p_{i}=1,$ $i=1,$ $\cdots,$ $n$
1 $n$ $Ax=$ $A=[-\iota_{i}, 1, -ui],$ $i=1,$ $\cdots,$ $n$
$3\leq k\leq n-2$ $k$ $(|l_{k-1}|-|u_{k-1}|)(|lk+1|-|u_{k.+1}|)<0$
$(|l_{k}|- \frac{1}{2})(|u_{k}|-\frac{1}{2})>0$ $x_{k}$ ‘ ”
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$|l_{k}|,$ $|u_{k}|< \frac{1}{2}$ $|\iota_{k-1}|<|u_{k-1}|$ $|l_{k+1}|>|u_{k+1}|$ $x_{k}$
‘ ” $|l_{k}|,$ $|u_{k}|> \frac{1}{2}$ $|\iota_{k-1}|>|u_{k-1}|$ $|l_{k+1}|<|u_{k+1}|$
$x_{k}$ ‘ ”
$l_{i},$ $u_{i} \neq\frac{1}{2},$ $i=1,$ $\cdots,$ $n$ $x_{r_{k}},$ $k=1,$ $\cdots,p(1\leq r_{1}<r_{2}<$
. . . $<r_{\mathrm{p}}\leq n$) $x_{r_{k}}$
$p\geq 2$ $(|l_{r_{k}}|- \frac{1}{2})(|\iota r_{k+1}|-\frac{1}{2})<0,$ $k=1,2,$ $\cdots,p-1$
$n\cross n$ $A=.[-\iota_{i}, 1, -ui]$
$\sigma=$
P $\sigma$




$|\iota_{k-1}|<|u_{k-1}|$ $|l_{k+1}|>|u_{k+1}|$ $\sigma(i-1),$ $\sigma(i+1)>\sigma(i)$
$|\iota_{k-1}|>|u_{k-1}|$ $|l_{k+1}|<|u_{k+1}|$ $\sigma(i-1),$ $\sigma(i+1)<\sigma(i)$
1
$n\cross n$ $A=[-\iota_{i}, 1, -ui]$
$\{$
$l_{j}=\overline{l}_{1}$ $(2\leq j\leq r_{1})$
$u_{j}=\overline{u}_{1}$ $(1\leq j\leq r_{1}-1)$
$\overline{l}_{1}+\overline{u}_{1}=1$ , $\overline{l}_{1},\overline{u}_{1}>0$ $\circ$
$\{$
$l_{j}=\overline{l}_{2}$ $(r_{1}+1\leq j\leq n)$
$u_{j}=\overline{u}_{2}$ $(r_{1}\leq j\leq n-1)$
$\overline{l}_{2}+\overline{u}_{2}=1$ , $\overline{l}_{2},\overline{u}_{2}>0$
$x_{r_{1}}$ $(r_{1}-1)\mathrm{X}(r_{1}-1)$ $A_{1}=[-\overline{l}_{1},1, -\overline{u}_{1}]$ $(n-r_{1})\cross(n-r_{1})$
$A_{2}=[-\overline{\iota}_{2},1, -\overline{u}2]$ 1 2
$P$ $0< \overline{l}_{1},\overline{u}_{2}<\frac{1}{2}$ $P_{S^{\text{ }}}$ $\overline{l}_{1},\overline{u}_{2}>\frac{1}{2}$ $P_{u}$





$1\cdots,$ $n$ $x^{(0)}=[x_{i}^{(0)}],$ $x_{i}=0,$ $i=1,$ $\cdots,n$
$\delta=10^{-8}$ $\max_{1\leq i\leq n}|e_{i}^{(m)}|<\delta$ $m$
Example 1
$-\epsilon u’’(x)-a(X)u(’)X+b(x)u(x)=f(x)$ , $x\in(\mathrm{O}, 1)$
(9)
$u(0)=\gamma 0$ , $u(1)=\gamma_{1}$
$\epsilon\in(0,1]$ $a,$ $b,$ $f\in C^{2}[0,1]$ $a,$ $b,$ $f$ ? $\epsilon$
$a(x)\geq\exists_{\alpha>0}$ , $b(x)\geq\exists_{\beta}$ , $\alpha^{2}+4\epsilon\beta>0$
$[0,1]$ $h=1/(n+1),$ $x_{i}=ih,$ $i=0,1,$ $\cdots,$ $n+1$
$- \epsilon\frac{y_{i-1}-2y_{i}+y_{i}+1}{h^{2}}-a_{i}\frac{y_{i+1}-y_{i}}{h}+biyi=f_{i}$ , $i=1,$ $\cdots,$ $n$
(10)
$y0=\gamma_{0}$ , $yn+1^{-}-\gamma 1$
$a_{i}=a(x_{i}),$ $b_{i}=b(x_{i}),$ $f_{i}=f(x_{i})$ (10)
$-l_{i}yi-1+_{Piy_{i^{-}}}u_{i}yi+1=k_{i},$ $i=1,$ $\cdots$ , $n$ .
$l_{i}= \frac{\epsilon}{2\epsilon+a_{i}h+b_{i}h2}$ , $p_{i}=1$ , $u_{i}= \frac{\epsilon+a_{i}h}{2\in+a_{i}h+b_{i}h2}$
$b_{i}=0$ $l_{i}+u_{i}=1$
$l_{i}= \frac{\epsilon}{2\epsilon+a_{i}h}$ $u_{i}= \frac{\epsilon+a_{i}h}{2\epsilon+a_{i}h}$ $h= \frac{1}{n+1}$
$\epsilon=h^{2}$ , $a_{i}=ih$ , $\overline{\omega}_{i}=\frac{1}{u_{i}}$ $i=1,$ $\cdots,$ $n$ .
$\mathrm{T}\mathrm{n}\mathrm{h}\iota\rho 4\rceil$
{ $0<l_{i}<u_{i},$ $i=1,$ $\cdots,$ $n$ $m_{\overline{\omega}_{i}}$ ( $\overline{\omega}_{i},$ $i=1,$ $\cdots,$ $n$
SOR




$\mathrm{I})_{\text{ }}\mathrm{I}\mathrm{I}$) $\omega_{i}$ $\mathrm{I})_{\text{ }}$
II) $n$ $l_{i}<u_{i}$ $m_{II}$
$m_{I}$ $\overline{\omega}_{i}$ , $i=1,$ $\cdots,$ $n$
$m_{\overline{\omega}_{i}}>m_{II}$ $m_{\overline{\omega}_{i}}=$. $m_{II}$ 2 (8)
Example 2. $n\cross n$ $A=[-0.5,1, -0.5]$
Table 42













































Example 3. $n\cross n$ $A=[-\iota_{j}, 1, -uj]$
$l_{j}=0.012195$ , $u_{j}=0.987805$ , $\omega_{j}=\tilde{\omega}_{b,1}=1.012345554031413$ , $(1 \leq j\leq[\frac{n}{2}]-1)$
$l_{j}=0.012195$ , $u_{j}=0.33$ , $\omega_{j}=1.520207356283397$ , $(j=[ \frac{n}{2}])$
$l_{j}=0.67$ , $u_{j}=0.33$ , $\omega_{j}=\tilde{\omega}_{b,2}=1.492537313432836$ , $([ \frac{n}{2}]+1\leq j\leq n)$
$\omega_{j}=\omega_{\varphi t}$ $\omega_{j}=\tilde{\omega}_{b,i}$
Table 43



































$\mathrm{I})_{\text{ }}\mathrm{I}\mathrm{I})_{\text{ }}$ III)
72
$\mathrm{T}\circ \mathrm{h}1|\theta\Delta\Delta$
$m_{I},$ $m_{II},m_{II}I$ $\mathrm{I})_{\text{ }}\mathrm{I}\mathrm{I})_{\text{ }}$ III)
$\mathrm{o}\mathrm{r}\mathrm{d},$
$\mathrm{i}\mathrm{n}\mathrm{v}$ , opt
Example 4. $n\cross n$ $A=[-\iota_{j}, 1, -uj]$
$l_{j}=0.25$ , $u_{j}=0.75$ , $\omega_{j}=\tilde{\omega}_{b,2}=1.333333333333333$ , $(1 \leq j\leq[\frac{2n}{3}]-1)$
$l_{j}=0.25$ , $u_{j}=0.1$ , $\omega_{j}=1.538461538461539$, $(j=[ \frac{2n}{3}])$
$l_{j}=0.9$ , $u_{j}=0.1$ , $\omega_{j}=\tilde{\omega}_{b,1}=1.111111111111111$ , $([ \frac{2n}{3}]+1\leq j\leq n)$
Example 3 $\omega_{o\mathrm{p}l}$ $\tilde{\omega}_{b,i}$
Table 45










































Example 5. $n\cross n$ $A=[-l_{j}, 1, -u_{j}]$
$l_{j}=0.012195$ , $u_{j}=0.987805$ , $\omega_{j}=\tilde{\omega}_{b,1}=1.012345554031413$ , $(1 \leq j\leq[\frac{n}{3}]-1)$
$l_{j}=0.012195$ , $u_{j}=0.33$ , $\omega_{j}=1.520207356283397$, $(j=[ \frac{n}{3}])$
$l_{j}=0.67$ , $u_{j}=0.33$ , $\omega_{j}=\tilde{\omega}_{b,2}=$ 1.492537313432836, $([ \frac{n}{3}]+1\leq j\leq[\frac{2n}{3}]-1)$
$l_{j}=0.67$ , $u_{j}=0.9$ , $\omega_{j}=1.754385964912281$ , $(j=[ \frac{2n}{3}])$
$l_{j}=0.1$ , $u_{j}=0.9$ , $\omega_{j}=\tilde{\omega}_{b,3}=1.111111111111111$ , $([ \frac{2n}{3}]-1\leq j\leq n)$
$\mathrm{T}\mathrm{a}.\mathrm{h}]_{P}$. $4-7$
$m_{II-ord},$ $m_{II-inv}$ 1 SOR $A=$ \vdash , $1,$ $-u_{j}$], $j=1,$ $\cdots,n$
II) $m_{I},$ $m_{II}$
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